RAPID COMMUNICATIONS
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In the context of experimental evidence concerning a nuclear toroid dipole, we briefly present here an exact
but tedious calculation of the angular momentum loss, recoil force, and radiation intensity for an arbitrary
source in terms of electric, magnetic, and toroid multipoles, thus emphasizing the importance of the latter in
getting the results in closed forms, unbiased by approximations. Corrections to some familiar formulas from
books, mostly on account of time varying toroid moments, are found and discussed.
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In a previous papefl] the angular momentum loss 1 9A
through radiation of electromagnetic waves by a pointlike E(F.t)=— = ——Vo(f,t), H(F,t)=
toroidal dipole has been calculated and discussed. The toroid cat
dipole, introduced by Zeldovich2] led to the theoretical
construction[3] of a whole class of toroid multipolar mo-
ments and distributions shown to be indispensable for a cor-
rect and complete multipole characterization of an arbitrary
sourceg 4]. Over the years the activity in the domain of toroid
moments increasefB,4,5 and we note now experimental
evidence of a nuclear spin-dependent contribution to atomic
parity nonconservation claimed to agree with that predicted
to arise from a nuclear toroid dipo[é].

In this context, here we present a short account on a thor-
ough investigation aimed to find an exact expression for the
angular momentum loss, recoil force, and radiation intensity Our task is to express without any approximations
for the most general type of souréahich includes toroidal dM/dt, F, and! in terms of the electria{7(t), magnetic
structures, previously either not considered or unproperlyp n(t), and t0r0|dR (t) mean square radii of order and
treated described by the charge denspyr,t) and the cur- multipolarity | wh|ch as shown in Ref3], realize a correct
rent densnyj(r t) satisfying only the continuity relation Multipolar decomposition of the source and describe it just to

dplat+V - J(F,)=0, with the time dependence left arbitrary. the same extent as dg(r’,t), J(F.b):
As it is well known (see, e.g., Ref.7]) the rate of angular
momentum loss through radiation is given by
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(\?”,m are the usual vector spherical harmonits,1,2,...;

whereni is the unit vector pointing in the direction &, the ~ m=—1,...,+1 andn=0,1,2,...) For zero orderif=0), Egs.

integration is over a spherical surface of large radrys

while the fieldsE, B are calculated in terms ¢f J as usu-
ally through the retarded scalar and vector potentials:
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(5), (6), and(7) furnish the system’s electric, magnetic, and
toroid multipole moments themselves. To get exact expres-

sions forF andl, one needs the correct large distan@®s
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behavior of the field&, B to orderO(1/r), while fordM/dt Al QR MM T(N() in Egs.(9)—(11) are, as usual,
one needs the leadin@(1/r2) behavior of @-E), (i-H),  functions of the retarded time- (r/c) and represent up to a
since to orde©(1/r) these quantities are obviously zero due known numerical factor time derivatives of the mean square
to the transversality of the fields in the wave zone. The reradii of various orders:

sulting formulas are quite long, but exact. They will be pre-

sented in detail elsewhef8]. Nevertheless we list here the

closed form expression fatM/dt which amounts to an ex-

haustive generalization of the result given in Hdf| in the er”n””)(t— L)

toroid dipole case: c
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where A, B, C multiplying the Clebsch-Gordan coefficients (12)
stand for
The result for dM,/dt is given in spherical basis
A=S 1 L Qi+ [pn=—04;M )=~ (INV2)(M+iM,), M ,=(1A2)
22 * Tmmm X(My—=iM,), M=M,]. Retaining from the closed for-
mula above the contributions of the first multipoles, we get
_M(n')(|+2n (0)(|+2) Y 5 ; ; .
Im Qi1 -m-u) for dM/dt to the order 1¢° inclusively:
1
(n")(1+2n") (n) 1+2n+3)
+n’zn, c2n+2n’+3n1 071 (Mlm Tl -m-u M, ) o
(n)(1+2n+1)p 1 (n")( +2n +2) dt _Fsaﬁ'y(dﬁd'y_‘_mﬁm'y)
—Tim M1 ) ©)
171 .. . . ..
B= m) \
n’ pom 2 T 1 (1 = )
) ) +§8aﬁy(dﬁt7+tﬁdy) _F §(2taﬁmﬁ
MG ) ,
+E 1 (M 20 20 1) +2faﬁ’ﬁﬁ_3"ﬁaﬁfﬁ_3’ﬁaﬁ’ﬁ)+8aﬁv(ZQEBQa‘v
o CZn+2n *1lnin'l m
10,:. 1 = 1 = 1
_Tl(m)(|+2n+l)M _1 ;an)) (10) +?tﬁt7+ Emﬁpy—gmﬁpy-l- Emgﬁm&,’
+ | higher th: ! )
igher than — terms |.
—Q(9g 0_><L+1r%+2 T <I>-|—(nl(/IL+2nr11+2) \ ¢ ’ 13
+T(n)(|+2n+l Q(O_)IILJr}%)
_2 (M<n><l+2n>M(n’>(l+2n’+1> Summation over repeated Cartesian indices is understood;
et M hmpmm dots mean time derivatives and the argument is of course
1 t—(r/c). To the same &P order, using our exact
n T(n) +2n+1)-|-(n )(1+2n" +2) 11 results for the recoil force and radiation intensity, we have
2 l,—p—m ) ( ) found
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which, being of order (), is to be considered on the same
(14)  footing with the third (1¢°) term of Eq.(14) (computed in
Ref.[7]) and the second (&7) term in Eq.(14) (missed in
Ref.[7]). We also note that in the expression of the angular
2 . 2 . 4 52 2 4 momentum lossiM/dt calculated in Ref[7] (problem 2 at
I==d*+3=m’— 3t 3—5t2 the end of paragraph 72, the Russian 1988 editiony the
¢ ¢ first term of our Eq(13) is given, while Eq.(13) completes
2 .8 1 .o 1. . the result given in Ref.7] with the remaining contributions
+ 5057 + ﬁQaﬁQa[ﬁ mmaﬁmaﬁ-l-"' . of order 1¢£3 (<_Jf magnetic type,_pro_bably already knowaf
order 1¢* (which include a toroid dipole pieg@nd of order
(15 1/c® (which also include toroid pieces, but besides the toroid
dipole moment, this time the toroid quadrupole moment also
In Egs.(13), (14), and(15), d andm are the usual electric cor|1tr|bute$|;. _ o o hat for th . I
- ;o o > n conclusion, we have shown that for the most genera
and magnePti g|pole92r*no;nent_g;,.|s the_tor0|d dipolet configuration of charges and currefitscluding toroidal cur-
=(11Ce)f[r(F-g)—2r7y]d°r, pY is the first mean square rent structures, usually partly lost through approximations
radius  of the  magnetic  dipole  distribution the radiation intensity as well as the rates of momentum and
piz(l/ZC)syaﬁfl’al’zj ﬁd3r, Qup, My, andt,s, are the angular momentum loss through radiation of electromagnetic
electric, magnetic, and toroid quadrupolesQ,;  waves, within classical electrodynamics, can be calculated
=(1/2)fp(F,t)(xaxB—1/35aﬁr2)d3r, M,z=(1/3)f[(r  exactly for any time dependence of the sources. We did that
Xf)axﬁ+(FX f)Bxa]d3r, taB=(1/2&:)f[4xaxﬁ(F~f) calculation with the aid of the multipole decomposition of
—5r2(Xaj/;+Xﬁj )+ 202(F- D 5a3]d3r- Ref.[3] in which a third class of multipoles, the toroid ones,

A1 i ot e rote trat ot expression et fortne 1195 M10dced and shown 1 be dspensable i givng o
recoil force includes all terms to the orderci/inclusively, b : P

while the familiar one calculated in RdZ] (in problem 2 at terms of time derivatives of the system'’s electric multipole

the end of paragraph 71, the Russian 1988 editimorking moments and magn_enc and toroid mean square (athiari-
. , : ous orders whose time dependence is left arbitrary. Inclu-
with the fields correct only to the d7 order is

sion of the toroid multipoles turns out to be compulsory if
one wants to get results unbiased by approximations. By re-
1/1 ~ . 2 5 - . ; ; ; ;
PO~ [ — i+ = (dxm) (16) tammg.only the first mulppoles in the exact results obtained,
“ c*\15c 7R 3 ‘, corrections to some familiar formulas were found on account
of e.g., time-varying toroid moments.
(our Q,z is 1/6D 5 of Ref.[7]) and contains only the first Note that our analysis goes far beyound those from text-
and the third terms of our E¢14), while the second and the books since our fields are exact everywhere outside the
fourth terms(both of order 1¢°, the fourth one being a tor- sources and correctly parametrized in terms of the latter. At
oid contribution are missing. The lagfourth) term in our  the end of Chap. 7 of Refi8] we show explicitly from where
Eqg. (14) amounts to a contribution to the recoil force coming the discrepancies between our formulas and the correspond-
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from the less usual toroid dipole moment: ing ones from Ref{7] come.
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